Let (M, ω) be a symplectic manifold which obeys appropriate regularity conditions, D ⊂ T M a real polarization on M and ℘ a leaf of D. Using the techniques developed in 0708.2626, we construct a Fedosov-type star-product
Introduction
In [1] B.V.Fedosov gave a simple construction of deformation quantization of an arbitrary symplectic manifold (see also [2] ). Later J.Donin [3] and D.Farkas [4] show the algebraic nature of Fedosov construction. The problem of constructing modules over Fedosov deformation quantization which generalize the states of usual quantum mechanics is of great interest.
In a recent paper [5] this problem has been solved in a certain neighborhood U of an arbitrary point of a symplectic manifold M. In the present paper we extend this result onto the whole M provided the certain regularity conditions are satisfied. The main technical difficulty of this generalization comes from the fact that ΓT M is projective as C ∞ (M)-module in general, while Γ(U, T M) is free. To circumvent this difficulty, we systematically use the localization wrt the maximal ideals of C ∞ (M) and thus reduce projective case to the free one. Plan of the present paper is the following. In Sec. 2 we construct Weyl algebra for ΓT M and prove an analog of the Poincaré-Birkhoff-Witt theorem, in Sec. 3 we consider the Koszul complex, in Sec. 4 we define various ideals associated with a polarization D ⊂ T M, in Sec.5 we introduce the symplectic connection on M adapted to D and study its properties wrt the ideals, in Sec. 6 we define Fedosov complex and prove the main result.
Weyl algebra
Let M be a symplectic manifold, dim M = 2N, A = C ∞ (M, R) a R-algebra of smooth functions on M with pointwise multiplication, and E = ΓT M a set of all smooth vector fields on M with the natural structure of an unitary A-module. By T (E) and S(E) denote the tensor and symmetric algebra of A-module E respectively, and let ∧E * be an algebra of smooth differential forms on M. Let ω ∈ ∧ 2 E * be a symplectic form on M and let u : E → ∧ 1 E * be the mapping u(x)y = ω(x, y), x, y ∈ E. All the tensor products of modules in the present paper will be taken over A unless otherwise indicated.
Let λ be an independent variable (physically λ = −i ) and
etc. In the sequel we will write A, E etc. instead of
etc. Let I W be a two-sided ideal in T (E) generated by relations x⊗y −y ⊗x−λω(x, y) = 0. The factor-algebra W (E) = T (E)/I W is called the Weyl algebra of E, so we have short exact sequence of A-modules
and let • be the multiplication in 
Proof. Let m ∈ Specm A be a maximal ideal in A. For an arbitrary A-module P consider it localization
It is well known that E is a finitely generated projective A-module (this was already mentioned in [7] , pp.202-3), so it is flat and finitely presentable. Then an isomorphism of A m -modules
there exists and it may be extended to an isomorphism (∧E
as a result of composition of the localization map and the mentioned isomorphism. It is easily seen that (I W ) m is an ideal in T (E m ) generated by the relations x/1 ⊗ Am y/1 − y/1⊗ Am x/1−λω m (x/1, y/1) = 0. Since the functor A m ⊗ is exact, we have a short exact sequence of
, the theorem is proved using Prop. 1 below.
Remark 1.
For an arbitrary projective A-module E Theorem 1 was proved in [7] (see also [8, 9] ). Here we gave slightly different proof which is more appropriate for our purposes. We write e I = e i 1 ⊗ . . . ⊗ e ip and we say that the sequence I is nonincreasing if
We consider {∅} as a nonincreasing sequence and e {∅} = 1. We say that a sequence I is of α-length n if it contains n elements less or equal ν. Let Υ n be a set of all nonincreasing sequences of α-length n and Υ n = ∞ p=n Υ p . The following proposition is a variant of Poincare-Birkhoff-Witt theorem [6] .
Let a, b ∈ T (E m ) and let ab be their composition as words and a ⋆ b = p(ab), where p is the projection onto first summand in the rhs of Prop. 1(c). Then
as A m -algebras. 
. Due to Prop. 1(c) such an element is unique and the map a ′ → a is an isomorphism.
Koszul complex
Define the Koszul differential of bidegree (−1, 1) on
Since E * is projective and so ∧E * is, we see that the functor ⊗ ∧ E * is exact and due to (1) we have a short exact sequence of A-modules
It is easily seen that δ preserves I W ⊗∧E * , so it induces a well-defined differential on W (E)⊗∧E * . It is well known that u is an isomorphism due to nondegeneracy of ω. So we can define the socalled contracting homotopy of bidegree ( 
where ⊙ is the multiplication in S(E), assigns the element
a mn , where a mn ∈ S m (E) ⊗ ∧ n E * and τ : a → a 00 is the projection onto a component of bidegree (0, 0). Carry δ onto S(E) ⊗ ∧E * using the canonical homomorphism
Then it is well known that the following equality
holds. Carry the grading of S(E) onto W (E) using the isomorphism S(E) ∼ = W (E). Since localization is a homomorphism of graded modules and W 1 (E m ) ∼ = E m , we see that W 1 (E) ∼ = E and we will identify them.
Definition. We say that the symplectic manifold (M, ω) is regular if ω m is nondegenerate for all m ∈ Specm A.
For example, every compact symplectic manifold is regular since Specm A ∼ = M in that case. Proposition 3. Suppose M is regular, then δ commutes with A-module isomorphism W (E) ∼ = S(E) from Theorem 1.
Proof. Since the symplectic form ω m is nondegenerate, it induces the isomorphism u m : E m → E * m which makes the following diagram commuting:
Then we can define Koszul differential δ m on W (E m ) ⊗ Am ∧E * m which commutes with the composition of localization map and isomorphism (W (E) ⊗ ∧E
be a natural embedding of mth direct summand in the rhs of Prof 1(c) into T (E m ), so µ S,W |S(E m ) = µ S,W ι 1 . Then from Prop. 1(c) it follows that a short exact sequence of
splits, then we have another short exact sequence of A m -modules
and ι 1 ⊗ id is a natural embedding ofS(
It is easily seen that δ m preservesS(E m )⊗ Am ∧E * m , so each arrow of the following commutative diagram of A m -modules commutes with δ m .
{ { w w w w w w w w w w w w w w w w w w w w w w w
Since m is arbitrary, the proposition is proved.
Carry the contracting homotopy δ −1 and the projection τ from S(E)⊗∧E * onto W (E)⊗∧E * via the isomorphism of Theorem 1, then the equality (5) remains true. Let δW
The ideals
Let I ∧ be an ideal in ∧E * those elemens annihilate the polarization L, i.e. I ∧ = ∞ n=1 I n ∧ , where
It is well known that locally (i.e. in a certain neighborhood of an arbitrary point of M) I ∧ is generated by N independent 1-forms which are the basis of I 1 ∧ . On the other hand, L is lagrangian, so from the dimensional reasons we obtain u(L) = I 1 ∧ , so
Let I L be a left ideal in W (E) generated by elements of L. Since ∧E * is projective, we have an injection
and ∧ 0 L * = A. Considering a certain neighborhood of an arbitrary point of M, we see that
so we have an injection W (E) ⊗ I ∧ ֒→ W (E) ⊗ ∧E * . Then we can define a left ideal I = I L ⊗ ∧E * + W (E) ⊗ I ∧ in W (E) ⊗ ∧E * and from (9) it follows that
Let N 0 = N ∪ {0}. A semigroup (S, ∨) is called filtered if a decreasing filtration S i , i ∈ N 0 on S there exists such that S 0 = S and S i ∨ S j ⊂ S i+j ∀i, j. Let I, J ∈ Υ 0 , I = (i 1 , . . . , i m ), J = (j i , . . . , j n ) and let I ∨ J be the set {i 1 , . . . , i m , j i , . . . , j n } arranged in the descent order. Then (Υ 0 , ∨) becomes a semigroup filtered by Υ i .
generated by elements of L m . Since L m is lagrangian, we have e α 1 • e α 2 = e α 2 • e α 1 ∀α 1 , α 2 , thus for any I ∈ Υ 0 we have µ(e I ) • e α = µ(e I∨{α} ) and I ∨ {α} ∈ Υ 1 . Then from Prop.
, which proves the lemma.
From (9) it is easily seen that δ −1 preserves the submodule I (S)
* , then using Lemma 1 we obtain
Remark 2. The choice ofS(E) in Prop. 1 is crucial for our construction of contracting homotopy of δW • . The usual choice of submodule S ′ (E) of symmetric tensors in T (E) instead ofS(E) yields another contracting homotopy of δW
• which does not preserve I.
Suppose ℘ is a leaf of the distribution D, Φ = {f ∈ A| f |℘ = 0} is the vanishing ideal of ℘ in A, I Φ is an ideal in W (E) ⊗ ∧E * generated by elements of Φ, and I fin = I + I Φ is a homogeneous ideal in W (E) ⊗ ∧E * . Then due to (11) , (13) we can define the subcomplex δI
• fin = (I fin , δ) with the same contracting homotopy δ −1 . Note that τ (I fin ) = Φ, then using (5) we obtain
Connection
Let ∇ be an exterior derivative on ∧E * which to an element α ∈ ∧ n−1 E * assigns the element
Let ∇ x y ∈ E, x, y ∈ E be a connection on M, then we can extend ∇ x to T (E) by the Leibniz rule. It is well known that a symplectic connection preserve I W for all x ∈ E, so it induces a well-defined derivation on W (E). Now consider ∇ as a map
Then it is well known that ∇ may be extended to a R[[λ]]-linear derivation of bidegree (0, 1) of the whole algebra W
• (E) ⊗ ∧ • E * whose restriction to ∧E * coincides with (15). Since ∧ n E * is a finitely generated projective A-module and
Proof. Due to (10) we have decompositions
so each a ∈ W (E) ⊗ ∧ n E * may be decomposed into the sum a = a ′ + a ′′ . Since a ′ ∈ Hom(∧ n L, V ) and we have an injection V ⊗ ∧ n L * ֒→ W (E) ⊗ ∧ n L * , the lemma is proved.
We say that a polarization (or, more generally, distribution) D is self-parallel wrt ∇ iff
For a given D, a torsion-free connection which obeys (17) always exists ( [10] , Theorem 5.1.12). Proceeding along the same lines as in the proof of [11] , Lemma 5.6, we obtain a symplectic connection on M which also obeys (17). Then ∇ x I L ⊂ I L ∀x ∈ L, so using Lemma 2 we obtain ∇I L ⊂ I. On the other hand, the involutivity of L together with (15) yield ∇I ∧ ⊂ I ∧ (Frobenius theorem), so we finally obtain ∇I ⊂ I.
It is easily seen that vector fields of L preserve Φ, i.e. (∇f )(x) ∈ Φ ∀f ∈ Φ, x ∈ L. Then using Lemma 2 we obtain ∇Φ ∈ I Φ + I 1 ∧ , so we finally obtain
The following result is well known (see Theorem 3.3 of [4] ).
where
Let R m be an image of R under the localization map wrt m, then from the construction of
6 Fedosov complex and star-product
Let W (i) (E) be the grading in W (E) which coincides with W i (E) except for the λ ∈ W (2) (E), and let W (i) (E) be a decreasing filtration generated by W (i) (E). Suppose W (E), I are completions of W (E), I with respect to this filtration, then I is a left ideal in W (E) ⊗ ∧E * . Consider filtration as an inverse system with natural inclusion W (i+j) (E) ⊂ W (i) (E) and let A i , i ∈ N 0 be an (λ)-adic filtration in A, then τ (W (i) (E)) ⊂ A {i/2} . It is easily seen that δ, δ −1 , τ and ∇ are transformations of the corresponding inverse systems, so they commute with taking inverse limits. Also it is well known that taking the inverse limits preserves short exact sequences and commutes with Hom(P, −) for any P . So we will write A, W (E) etc. instead of A, W (E) etc.
Let
Then it is well known that the sequence {r n } has a limit r ∈ W (2) (E) ⊗ ∧ 1 E * . Then we can define well-known Fedosov complex
Using (13),(18),(20) and taking into account that I is a left ideal in W (E) ⊗ ∧E * we have r n ∈ I for all n, so r ∈ I. Using (11),(13),(18),(19) we see that DI fin ⊂ I fin and QI fin ⊂ I fin , so we can define the subcomplex DI • fin = (I fin , D). Define a left W (E)⊗∧E * -module F = W (E)⊗∧E * /I fin with the grading induced from W (E) ⊗ ∧
• E * , then we can define factor-complexes δF • = (F n , δ) and DF • = (F n , D).
Lemma 4 ([3]
). Let F be an Abelian group which is complete with respect to its decreasing filtration F i , i ∈ N 0 , ∪F i = F , ∩F i = ∅. Let deg a = max{i : a ∈ F i } for a ∈ F and let ϕ : F → F be a set-theoretic map such that deg(ϕ(a) − ϕ(b)) > deg(a − b) for all a, b ∈ F . Then the map Id + ϕ is invertible. Using (8), (14) and the long exact sequence, we obtain
Then we can carry the structure of R-algebra from H 0 (DW • ) onto H 0 (δW • ) and convert the structure of left H 0 (DW • )-module on H 0 (DF • ) into the structure of left H 0 (δW • )-module on H 0 (δF • ). Due to (8) ,(21) this gives the Fedosov-type star-product * L on A and the structure of left (A, * L )-module on A/Φ ∼ = C ∞ (℘), so we obtain the following theorem.
Theorem 2. Let M be a regular symplectic manifold and let D ⊂ T M be a real polarization on M. Then there exists a star-product * L on M such that for an arbitrary leaf ℘ of D an R-algebra C ∞ (℘) has a natural structure of left (A, * L )-module.
